SEMISTABLITY OF SYZYGY BUNDLES ON PROJECTIVE 
SPACES IN POSITIVE CHARACTERISTICS 

(^ ; V. TRIVEDI 

o: 

(N. 

^ ! 1. Introduction 

"*^ I Let k be an algebraically closed field. For an integer d > 0,\etVd be the vector 

'sj" ■ bundle on P^ given by the exact sequence 

„'■ (1.1) ^ Vrf ^ H^Pl Opn(d)) Op„ ^ Opn(d) -^ 0, 

w I where r] is the evaluation map. 

"*^ ■ It was proved by Flenner [F] that if characteristic k = then Vd is a semistable 

^ ■ vector bundle. He uses this as an crucial ingredient to prove his restriction the- 

c^ ! orem for torsion free semistable sheaves on a normal projective variety, defined 

2 I over a field of characteristic 0, to a general hypersurface of degree d, where d 

has a lower bound in terms of degree of the ambient variety and degree and rank 

CN ■ of the sheaf. He reduces the argument to projective space and then uses the 

-^ ! semistability property of Vd- 

T^ij- I In characteristic k = p > 0, A. Langer ([L], proved the following restriction 

*/^ ■ theorem for strongly semistablilty: 

^ I Theorem 1.1. (Langer) Let {X,H) be a smooth n-dimensional {n > 2) polar- 

(yQ I ized variety with globally generated tangent bundle Tx- Let E be a H -semistable 

O ■ torsion free sheaf of rank r > 2 on X . Let d be an integer such that 

/\ ' r r(r — 1)//" 

H I 

Cu ' and 



(<i+"') _ 1 r^ - 1 

^^^ > H^'maxl , 1} + I. 

// characteristic k > d then the restriction Eo is strongly H -semistable for a very 
general D G \dH\. 

However, he has to assume that characteristic A; = p > d; as he uses the proof 
of the result of Flenner, and more specifically the semistability property of Vd- In 
particular, for a given p > his result is valid for at most finitely many d, in fact 
the set of such d can be empty. In the end of the proof of Theorem 11.11 Langer 
remarked that the assumption on the characteristic could be removed if there is 
a positve answer to one of the following questions: 
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2 V. TRIVEDI 

Is Vd a semistable bundle, for arbitrary n, d, and p = char k ?, or is there a 
good estimate on fJ^maxiyd) ^ 

We recall that if char k = p > d ot char k = 0, then Vd is filtered by S'™(Vi) (8> 
0{d — m), and these are the only possible subquotients of Vd as homogeneous 
bundles. However, as soon as d exceeds p, many more subquotients of Vd occur, 
and therefore argument of [F] is not applicable. 

In this paper, we prove semistability of the syzygy bundle Vd, where char k = 
p > 0, under the conditions as given in Theorems 11.21 This provides evidence in 
favour of a positive solution in general. 

Theorem 1.2. The vector bundle Vd, given by the short exact sequence U.l\) . is 
semistable (in fact stable) in any of the following cases: 

(1) P^ = P| and d>l, or 

(2) d = ttip^ + amP^ is the p-adic expansion of the integer d, for any m > 0, 
or 

(3) d = (flo + ciiP + ■ ■ ■ + cimP"^)p^° is the p-adic expansion of the integer d, 
where Oq and a^ are nonzero integers, such that one of the following holds, 

(a) p < n and 02, . . . , a^ > 1, or 

(h) p > n and a2, ■ ■ ■ , am > p — n + 1 , or 

(c) n> {ao + aip-\ h amP"')/p- 

By analysing further the proof of Theorem II. 2[ we answer the second question 
of Langer affirmatively in the following 

Proposition 1.3. Let Vd be the vector bundle on P^, given by the short exact 
sequence U.l\) . Let V^ = Honici {Vd, Opn) denote the dual ofVd- Then 

k ^ 

d d 

< l^'maxiVd) < 



\ d ) ^ [ I'd/2] ) 

where [x] = the smallest integer > x. 

As a consequnce one can remove the restriction on the characteristic of the 
field in Theorem 11.11 of Langer and obtain the following 

Corollary 1.4. Let {X,H) be a smooth n-dimensional {n > 2) polarized variety 
with globally generated tangent bundle Tx- Let E be an H -semistable torsion free 
sheaf of rank r > 2 on X . Let d be an integer such that 



d > - — -A{E)H''-^ + ^ 



r{r- l)H^ 



and, 

(1) for n 



(d+n\ _i r^ - 1 

^-^^ > H^'maxl , 1} + 1, 



(2) and, for n > 3, 

\d/2\+n-l\ 

> H''max{'—-^,1} + 1. 



(\d/2\+n-l\ 2 1 
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Then the restriction E^ is strongly H-semistable for a very general D e \dH\. 

It follows from the above corollary that, for a given char /c = p > 0, one can 
find (io such that, for all d > do, the restriction Ed is strongly if-semistable for 
a very general D G \dH\. 

We recall that (1) when X is a smooth projective variety with a polarization 
H and E a strongly iJ-semistable bundle on X of rank < dim X then Maruyama 
[Ma] proved that E\d is strongly iJ-semistable for a very general D G \H\, i.e., 
d = 1 in this case, (2) when ii^ is a homogeneous bundle on P^ induced by 
an irreducible representation of P, where P is a maximal parabolic subgroup of 
GL{n + 1) such that GL{n + 1)/-P = P^, then E\£, is strongly semistable, (i) if 
D is any smooth quadric and char k ^ 2 and (ii) if D is any smooth cubic and 
char k ^ 2). In particular -E|d is strongly semistable for very general hypersurface 
of degree > 2, if char k > 5. 

Remark 1.5. One can prove the semistability of Vd in the following case 
also, but the proof gets very technical (see arXiv:mathRT/0804.0547): Let Vd 
be the vector bundle as given by the short exact sequence (11. ip . Suppose d = 
(ao + aip + ■ ■ ■ + amP"^)p^° is the p-adic expansion of the integer d, where qq and 
am are nonzero integers, such that 

(1) n > m + 1, 

(2) /i°(P^,Cpn(a^)) > l+a^mn, and 

(3) ao < ai < • ■ ■ < a-m-i and 0^-2 < «m- 

Then Vd is a semistable (in fact stable) vector bundle over P^. 

If Om > 4 then the condition (2) in the above statement is always satisfied. 
Moreover if m < n — 2 then the condition (2) is satisfied for any a^ > 3 

Author would like to thank V.B. Mehta for suggesting the semistability ques- 
tion of Vd- 

2. Syzygy bundles on P^, 

First we prove the following result for P^, by different methods than we use 
for higher dimensional projective space. 

Proposition 2.1. For n = 2 and for d > 1, the bundle Vd is stable, on P^. 

The proof relies on the following lemma, which we prove using an argument 
similar to the proof the following proposition in [KR] . 

Proposition [KR] Let X be a nonsingular curve of genus g > 2. Then for 
the pair {X,ujx), where Ux is the canonical line bundle of X , the sheaf K^^^ is 
semistable. 

Lemma 2.2. Let X be a nonsingular curve of genus g > 2 and C be a (base point 
free) line bundle on X such that deg C > 2g. Let Kc be the syzygy bundle for the 
evaluation map H^{X, C) ^ Ox — ^ jC. Then Kc is stable. 

Proof. Consider the short exact sequence 

— >Kc — > H\X, C)®Ox — > C — > 0. 
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Now h^{X, C) = deg C + 1 — g, since H^{X, C) = 0, by Serre duality. Therefore 

rank Kc = deg C — g and det K^ = C, 

so that degi^^ = deg C This imphes 

slope (K^) = deg C/{deg C-g) <2. 

Let JF be a quotient bundle of K^; then JF is generated by its global sections, 
and h^{X, JF) > r + 1 if rank T = r (otherwise it would contradict the fact that 
/i*^(X, Kn) = 0, because if J^ is trivial, then so is JF^, and this would imply that 
h%X, Kc) > r). We choose (see [KR]) W C H'^^X, K^) such that dim VT = r + 1 
and W generates ^; let 

— ^ M — >W (S>Ox — ^-F — ^0 

be the corresponding short exact sequence. Then A1 is a line bundle, isomorphic 

to A"J^^, so that deg J^ = deg M"" . Note that H%X, J^^) = as H%X, Kc) = 
and therefore dim H^{X,M^) > r + 1. 

(1) Suppose H\X,M'^) ^ 0; then by Clifford's theorem (chap IV, Tho- 
erem 5.4 [H]) 

dim H\X,M'') - 1 < (1/2) (deg M^). 

Hence r < (deg T)l1. This implies that slope JF > 2 > slope K'c. 

(2) Suppose E^{X,M') = 0. Then 

H%X, M"") =degM'' + 1- g. 

Hence r + 1 < deg J-" + 1 — g. This implies 

slope JF > 1 + g/r > 1 + g/{deg C — g) = deg £/(deg C — g) = slope K^. 

This proves the lemma. D 

Proof of Proposition \K1\ Choose a nonsingular curve X of degree din'P\. We 
can deduce that 

H\^lOj,i{d)) c^ H\X,Ox{d)) 
from the following short exact sequence of sheaves of (9p2 -modules 

k 

-^ 0^i{-l) -^ Op2{d) -^ Ox{d) -^ 0. 

Let C = Op2[d) \x= Ox{d). Then we have a commutative diagram of exact 
sequences 

^ V, U -^ H^{PlOpi{d))®Ox -^ Op2{d)\x — 

— > Kc — > H\X,C)®Ox — > C — ^ 0. 

This implies that Vd \x— Kc- But deg£ = d'^ > 2(genus X). Therefore, by 

>2 
k- 



Lemma [2.21 the bundle Kc is stable on X. Hence the bundle Vd is stable on P? 



This proves the proposition. □ 
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3. The higher dimensional case 

Henceforth we assume that n > 3. Let G = GLn+i{k) and let P be the maximal 
parabolic group of G given by 



P 



9u * 
A 



e GL{n + 1), where A e GL{n] 



Then there exists a canonical isomorphism G/ P ~ P^. Recall that there is an 
equivalence of categories between homogeneous G-bundles on G/ P and (finite 
dimensional) P-modules. The short exact sequence 

^ Vd ^ H\Vl, Op«{d)) ® Opn ^ Cpn(rf) — . 0, 

is naturally a sequence of homogeneous G-bundles, which corresponds to the short 
exact sequence of P-modules, 

given as follows. Let f/i and Vi be A;- vector spaces given by the basis {xi, . . . , Xn, z} 
and {xi, . . . , Xn} respectively. Then f/i is a P-module such that if 



911 * 
A 



, where A G GL{n) 



is an element of P then the representation p : P — > GL(f/i) is defined as follows 
(by matrix multiplication) 

p{g){z,Xi,...,Xn) = [z,Xi,...,Xn] ' Q^^ ■ 

This gives canonical action of P on Ud = S'^{Ui) and on 

Vd = {S\Vi) ® z''-') © {S\V,) ® z''-^) © • • ■ © S\V,), 

where elements of Ud are homogeneous polynomials of degree d in xi, . . . , Xn, z. 

Lemma 3.1. Let W (^ Vd be a homogeneous G-hundle and let W G Vd be the 
corresponding P-module. 

(1) Suppose fo + fiz + --- + fmz"" G W, where fi E S'^-'{Vi). Then fiz' E W, 
for alii > 0. In other words, as k-vector spaces 

w = wn {s\Vi) © 2^-1) ®wn {s\Vi) © z'^-^) © ■ ■ ■ © w^ n S'^{Vi). 

Moreover, 

(2) ifi = io+hp+- ■ ■+^mP™' denotes the p-adic expansion of a positive integer 
i and if f E S'*"(Vi) is a homogeneous polynomial such that {f)z'^ E W (in 
particular to + i = d) then 

W D 0[/©{5^o(V^i)©(5^"-i(\/i)©2)©---©z*«}© 
F*{S'^{Vi) © iS'^-\Vi) © ^) © ■ • • © z'^} © ■ ■ ■ 
©P'"*{5^'-(\/i) © (5*'"-i(\/i) © z) © ■ ■ ■ © z*-}] , 
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where, for a positive integer j such that j = Jo+ jp + ■ ■ ■ + k^p"^, with the 
condition that < jk < ik, the map 



0:^*°(Ki)®,"Lo^^'* 



^{S'^-^^{Vi)^z''^] 



^ 0(5*o+fe-fc,y (p^^)^^i-fe-fc,)p^^ 
j=0 kj=0 

is the canonical map mapping to Vd, and F* denote the t^^-iterated Frobe- 
nius morphism and, for a vector-space U generated by {ui, . . . ,Ut}, the 
vector-space F'^*{U) is generated by {-u^ , . . . ,u^ }. 

Proof. The first part follows from the fact that the diagonal Torus group T C 
GL[n + 1) is contained in P. 

To prove the second part of the lemma, by looking at possible monomials 
occuring on the right side of ^, we see that it is enough to prove the following: 
Let A; < i be a nonnegative integer so that if we have k = kQ + kip + ■ ■ • + kmP"^ 
with < kj < ij, for < j < m. Let x-^^^ ■ ■ ■ a;^" G S^~''{Vi) be a monomial with 

Tj = toj +tijp-\ h tmjP^, where, < tij < p - 1 

such that 

(toi + ■ ■ ■ + ton) + (til + ■ • ■ + ti„)p + ■ • ■ + (tml + ■■■ + tmn)p"' = i - k, 

where t^i H h tj„ = ij - kj. Then (/)(x^^ ■ ■ ■ x^")z^ G W. 

As W^ is a P-module, {f)z^ G W implies that (/) {bz + Oio^i H h anXnY G W, 

for every (6, ai, . . . , a„) G (/c \ {0}) x A;". Let y = aiXi + ■ ■ ■ + ttnXn. Now 
{f){bz + yY eW implies that 



(/) 



^ * " ^i-l„. I \ I ^ \ lU^\„.i~l I r..i 



^ {hzr^y + ■■■+[ __^]{hz)y^~'+y' 



eW. 



Hence, as argued in part (1) of the lemma, we have {f){^^y^ '^z^ G W ., for 
every < /c < i. Now 

'i\ {i-k + k)---{i-k + l) 



k) k{k-l)---l 

where the terms, divisible by p, in the numerator are 

{{i - k - Hq - ko) + Ip) \l <l < k^ + ■ ■ ■ + k^p"^-^} 
and in the denominator are 

{/p I 1 < Z < A;i + ■ ■ ■ + k^p""-^]. 

Hence if kj < ij, for all < j < m, then g.c.d.((^,),p) = 1 which implies 

{f)y''~'^z'^ G W. That is, (/)(aia;iH ha„a;„)*~''z'' G W, for every (ai, . . . , a„) G 

Now let yi = 02X2 + - ■ ■+anXn, so that {f){yi+aiXiy~'^z'' G W. Since Ti < i — k 
and tji < ij — kj, where 

toi + tiiP H h t^ip" = Ti and {i^ - k^) + {ii - ki)p H (i„ - A;„)p™ = i-k, 

such that < tij, ij — kj < p — 1. Hence, by a similar argument with a binomial 
expansion, we have {f)yl ^x-^^z'' G W. Iterating the arguement we deduce 
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that {f)xi^ ■ ■ ■ x^" G W. This completes the proof of the claim (and hence of the 
lemma) . D 

Now throughout this paper, we fix a positive integer d with its p-adic expansion 
d = ao + aip + ■ ■ ■ + amP"^ and we also fix a nonzero homogeneous G-subbundle 
W C Vrf given by the corresponding P-module W C Vd- We would denote 

w{i) = wn{S'^-\Vi)®z'). 

By Lemma Em W = ©jJo ^(^)' such that W has a filtration by G-subbundles 
jFg C jFi C ■ ■ ■ J^d-i = VV, where J-'i is the vector bundle associated to the P- 
submodule W{0) © W{1) © ■ ■ ■ © W{i) C W. In particular, the vector-subspace 
W{i) has the canonical P-subquotient module structure with associated homoge- 
neous G-bundle VV(i), so that there is a G-equivariant isomorphism 



gr(>V) = 0W(? 



j=0 

For a fc- vector space V, the number \V\ denotes the dimension of V. 

Remark 3.2. Let i,j<d be two positive integers such that i = io + iip + ■ ■ ■ + 
imP"^ and j = jo + jiP + ■ ■ ■ + jmP™ with the condition that < jk < ik ^ P — ^, 
for every A; > 0. Then, by part (2) of Lemma [3.11 

W{z) ^ =^ W{3) + 0. 

Moreover, if W{i) = Bi (g) z\ where Bi C S'^~\Vi), then 

W{3) ^(p[Bi® 5*o-^«(ri) © F\S''-^'{yi)) © • ■ ■ © F*™(^^'"->"(V^i))] © z^ 

where 

: 5'^-*(Fi) © 5*o^^«(Vl) © F* (5*1 -^'1(^1) © ■ ■ ■ © F*"^(5*'"-^™(yi)) ^ ^'^-^■(V^i) 

is the canonical map. 

Lemma 3.3. IfW{i) ^ and if d-i = (to+tipH HmP^), where < tj < p-1 

S^'^iVi) © F*(5*n^i)) © ■ ■ ■ © F*'"(5*'"(l^i)) ®z' (ZW. 

Proof. W{i) ^ means {S'^-\Vi)®z')r}W ^ 0. Therefore W = Wi0z\ for some 
nonzero 5'L(n)-submodule Wi of S''^~*(Vi) (with respect to the induced action on 
S'^~'^{Vi) coming from the canonical action of SL{n) on Vi. But (see [B]), for the 
p-adic expansion to+tip+- ■ ■+tmp'^ = d—i of the integer d—i, the S'L(n)-module 
5*«(Fi) © F*{S'^{Vi)) © ■ • ■ © F*'"(5*™(Fi)) is the smallest 5L(n)-submodule of 
5'^"*(Vi). In particular, it is contained in Wi. This proves the lemma. D 

Remark 3.4. For a vector-bundle V on P'^, with determinant det (V) = (9p"(m), 
we define deg (V) = m and /i(V) = deg (V)/rank (V). We note that 



deg W = ^deg W(i). 
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Since Vi is a semistable vector bundle on P^, by Theorem 2.1 of [MR], the vector 
bundle S''^"*(Vi) is semistable on P^. Hence 

-deg W(2) > -fi{S''''{Vi) Oit))\W{i)\. 

Now we prove a series of lemmas before coming to the main result . 

Lemma 3.5. If d = gq < p then, for ^ W ^ Vd, we have —deg W > oq. In 
particular fiiyV) < /u(Vrf). 

Proof. For d = gq < p — 1, the P-module Vag is filtered by the subquotients 
isomorphic to S'^^^{Vi) C?> -2*, where < i < Oq. If io is the largest integer with 
the property that W{iQ) ^ then, by Remark 13.21 and Lemma [373| it follows that 
^ = EJ=o '^'^"^'(V^i) ® z\ as P-module. Therefore 

-deg W = E?=o -deg (^''-■'■(Vi) ® 2^) 

= («o + l)|5'^°-*«^'(Vi)|>ao, 

where the second last equality follows from the fact that, for an integer a > 0, 
we have 

(a + l)\S''^\Vi)\ = n{\S%V^)\ + ■■■ + \S\Vi)\ + \S\Vi)\). 

This proves the lemma. D 

In the rest of this section, we assume that the integer d has the p-adic expansion 
d = ao + aip + ■ ■ ■ + ttmP"^ such that a^ and a^ are nonzero integers. 

Remark 3.6. For io + - ■ ■ + imP"^ < Oo + - ■ ■ + a"m,p"^ (where < io, . . . ,im < p—^), 
let 

be the subspace with canonical P-(subquotient) structure and let yVio,-,im be the 
associated G-bundle. Then, by Lemma [3. ![ 

grW= W.,,..,„, 

iio,...,im)€Co{W)U-UCm{yV) 

where 

Co(yV) = {{io,ai,...,am)\0<io<aoandWio^...^arr^7^0} 

CjiyV) = {{io, ..., ij, ttj+i, ...,am) \0<ij < a^ and Wi^^... ,„„ ^ 0} 

Cm-i(W) = {(io, • • . ,«m-i,am) I < im-i < a-m-i, and Wi^^...^am 7^ 0} 
Cm(>V) = {(io,...,im-i,im) I < im < a™, and lVjo,...,i^ 7^ 0} 
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Note that if Qj = 0, for some j then CjiW) = 4>. Now 
d 



-KVd)\W\ 



{{to, ■■■,im)eC,n{W)} {(io,.--,*m)GCo{W)U-UC„_l(W)} 



< in\Cmm\) + (|Co(>V)| + ■ ■ ■ + |C^-i(>V)|) 
where the last inequahty follows, as 
(1) for any positive integer a > 1, we have 



IKI' ^ '" h\0{d))-\ (a + l)|5-+i(V^i)|-ri 

Therefore {zq, • • • , ^m} e Cm^) =^ 4^\^io,...,iJ < n. 
(2) the canonical inclusion (but not a surjection) 

implies that n|5''o+-+'^— ^^'""'(yi)! < |5''o+-+"-P™(yi)|. Now if 
{io, ...,im}e Co(W) U • ■ ■ U C„_i(W), then i^ = a^, 



+ -+amP™-i 



which implies that \Wig^,„^iJ < |5'"o+-+a™-ip'" (y^)|_ ^j^jg jnipHes that 

Lemma 3.7. IfW{ao) = then fi{W) < fi{Vd). 
Proof. Consider the following diagram of G-bundles, 



i 
^ Van ® F*V,,+...+„„p™-i ^ H{ao) ® F*V,,+...+,„p,n-i ^ O{ao) ® F*V,, 

i 

i 

O^Vao^ C'(ai + ■ ■ ■ + a^p™) — . coker (/) ^ © Cx — ^ 0, 

i 


where H{ao) = H^{0{ao)) and / : if (ao) ® F*(Vai+...+a^p™-i) — ^ Vao+.-.+a.^p- 
is the canonical map. We note that, if V denotes the homogeneous bundle V' = 
kernel of the canonical composite map 

Vao+-amp- — ^ coker (/) — ^ © Ox 
and \^' C VaQ+...+a^pm the corresponding P-submodule, then 

-degW > -deg W, where W = Wr} V . 
Since W^(ao) = 0, we have 

W C Va, ® H\0{ar + ■■■ + a^p"'-'))^P\ 

which is a semistable vector bundle over P^, as Vao is semistable (see Lemma [331) . 
Therefore -deg W > ^\ W\. 

Van 
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We remark that \Cj{W)\ = \Cj{W)\, where we define Cj{W) and Cj{W) as 
in Remark [3.61 Note Wi^^,,,^i^ ^ imphes that zq < a^ as H^(ao) = 0. Let 

Jo H h jmP"" = d - (zo H h imP"), where < jt < p - 1, 

then jo < cto- By Lemma [X^ 

Therefore 

In particular H^;,..,,^^ ^ and |Cj(W')| = \Cj{W)\. 

Moreover \Wl^ ^^| > \S^\Vi)\ ■ ■ ■ |F*"^^^-(l^i)|. 
But 



-degW > -^ 



V 11^' • 1+ V \w' I 

_{(Jo,-,Jm)ec„(W')} {{io,...,im)eCo(W')u-uC„_i(w)} 

If (io, • ■ • Tim) G C*?Ti(VV') then io < ^o and z^ < am- Therefore, for the p-adic 
expansion 

Jo + ■ ■ ■ + imP"" = flo + ■ ■ ■ + amP"^ - (Zo + ■ ■ ■ + Vp""), 

we have jo > and jip + ■ ■ ■ + jmP™ > 0. In particular 
Now 

(*) ■= ^^ V \w' I 

I "o' {(io,...,Jm)ea„(W')} 



ao 



E E i^''^. 



"°' {(«!,. ..,Jm)|im<am} {fc| (fc, Jl ,. . ., Jm)eCm (W)} 

Let /o(ii, . . . , im) = if (/c, zi, . . . , im) ^ C'm(W) for all k, otherwise define 

Io{ii, ...,im) = max {ko + I \ {ko, ii, ■ ■ ■ , im) e C„(>V')}. 
Then from the inequality 



Qo 

iKol 



|^"°(V^i)| + --- + |^"°~'^(V^i)|) > A; + l, 



for any < /c < ao — 1, it follows that 

(*)>^ E /o(^l,...,0=^|C^m(>V')|. 

{(Jl,...,im)|im<am} 

Similarly, we can argue that 

' "°' {(io,.-,am)eCo(W')U-UC„_i(W')} {(n,...,i„_i,a™)} 

= \Co{W)\ + --- + \Cm-i{W)\. 
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This implies 

-degW > r2|C„(W')| + (|Co(>V')| + --- + |C^-i(W)|) 
= n\Cm{W)\ + (|Co(>V)| + ■ ■ ■ + |C^_i(W)|). 



On the other hand, by Remerk I3.6[ 

-^l{Vd)\w\ < (n|c„(w)|) + (|Co(w)| + ■ ■ ■ + |c^_i(w)|), 

which imphes that — /i(Vd)|W^| < — deg W. This proves the lemma. D 

Lemma 3.8. // W{aQ H h a^^ip^"^) ^ then 

-deg (W) > ao + ■ • • + a^p™ = -deg (V,). 

In particular niW) < fiiVd), ifW^V. 

Proof. For any a G N, let H{a) = i/°(P^, Cp^(a)) and let i7(a)(P*) = F*\H{a) ® 
Opn), where F* is the t^^ iterated Frobenius morphism. Note that there is an 
exact sequence of G-bundles 

-^ F*\Va) -^ Hia^P'^ -^ Opn{ap') -^ 0. 

Let 6 denote the following tensor product map of G-bundles: 

®S'^(«^)^'"^ -^ ®™o^Op^(ay) = Opn{ao + aip + ■ ■ ■ + a^.^p^-'). 

We then have an induced commutative diagram of homogeneous G-bundles, with 
exact rows and coloumns (the term © Opn denotes a certain trivial vector bundle, 
with a G-action), 









i 








ker 6 © Oia^p"") 


i 


i 


i 


^--oiiJ(a,)(^')®F*-V,„- 


- ^T=o'Hia,Y^'^^Hia^YP"'^- 


> ^T-o'Hia,YP'^ © 0(a„p'") ^ 


i/ 


l 


i 


~^ Vao + .-.+a^p™ — ^ 


H{ao + ■■■ + amP"") ® Opn - 


C(ao + ■ ■ ■ + flmP'") -^ 


i 


i 


i 


coker (/) 


© Opn 





i 


i 













This gives the following diagram of homogeneous G-bundles 



i 

^ ker <5 © F*™Va„ ^ ®T=o'H{a,YP'^ © F*"'Va^ ^ O(ao + ■ ■ +a„_ij9'"-i) © F*"Va„ -. 

i/ 

Vao+'-'+a^p™ 
i 

— >kei5 OiamP"^) — > coker (/) — > © Cpn — ^ 

i 
0. 



12 V. TRIVEDI 

We note that, if V denotes the homogeneous G-bundle given by V = kernel of 
the canonical composite map Vao+.-.+amp™ — ^ coker (/) — > © 0p", , i-e., 

^ V > Vao + ...+a™p- — ^ © Op^ — ^ 0, 

Then 

-deg W > -deg W, where W' = W f] V, 

V is the P-module associated to V and W is the G-bundle associated to the 
P-module W. Let 

and, for < io < "^ - 1, let Ai„ = F"°V;.o ® ^«o+-+a.oP»o+...+a„_ip— i^ ^^leie 

Inductively, we define 

where 0<iQ<---<ij<'m — 1 and 

We can write 

m— 1 m—1 

j=-liQ,...,ij j=0 io,...,ij 

where by 

^H we mean ^H 

io,-,ij {0<«o<---<«j<m-l|AiQ,...,i^7^0} 

Note that Ai^^,,,i. 7^ if and only if Oj^ 7^ 0, for every i^ G {io, • • • lij}- We also 
note that Ajo,---,«j ® -^™'*K„ and Ai^^^,,,^i^ © ^r^^^" have canonical P-subquotient 
module structure. By Lemma [3.11 

W'= ^. c,, 

-l<j<m-l 0<j<m-l 

where 

B,= 5^0,....,, where P,,,...,^ = (A,„,...,^©P"*K^)nW^CA,„,...,^©p-*V;^ 

and 

Cj = ^0,...,,, where C,,,...,^ = (A,„,...,,^. © z^-^") n P^ C A,„„„,,^. © z^-^'". 

to, ■■■,ij 

Then Bi^^^^^^i. and Cjq^...^j. have canonical P-subquotient module structures. Let 
Big^,,,^i. and Cjo^...^j. be the associated G-subbundles in ^io,...,j © F^*Va^ and 
-^io,.--,* ® C'(amP™'), respectively. Moreover it follows that Ajo,---,* 7^ implies 
Bio^...,i 7^ 0. The bundle W" has a filtration by G-subbundles such that subquo- 
tients are isomorphic to BiQ^,,,^ij or to Ci^,...^iy 
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Therefore 

-deg W > -deg i3_i - deg Bq ^ deg Bm-i - deg Cq H deg Cm-i, 

where Bj and Cj are the G-bundles associated to P-modules Bj and Cj. 

Henceforth, for a vector bundle B, we denote rank B as \B\. Note that ^Jo,...,i ® 
F*"^Va^ and ^io,...,i ® 0{amP^) are semistable bundles on P^; as by Lemma [3l5l 
for < a < p — 1, the bundle Va is semistable, and hence, by Theorem 2.1 of 
[MR], all Frobenius pullbacks and tensor products of such bundles are semistable. 

Now, for j > 0, 



-deg Bj = - ^ deg Sio,...,^. > - JZ ^^^ 



■I0,...,lj J \'^lo,...,l 



B, 



+ E 



JO,...,lj 






«0,.--:«i 






«0vi«7 



and, for j > 1, 



^ [-(ao + ■ ■ ■ + a„_ip™ ^) + ai,p'° + ■■■ + Ui^p'^] \Bi,^...,i^ 



a*oF" + . . . + "^.-^ 



\B,. 



^ai^ I I l^ai 

-deg Cj = - ^ deg Ci(,,.,.,,^ ^ " 5Z ^'^'^ 



*0,---i«i 



IV„ 



IB 



io,---,ii \i 



■io,---,ijJ\'^io,---,i 



^io,...,ij I / ^ (^mP ll-" 



■«0v,«7 



lO,...,Jj 



,m— 1^ 



lQ,...,lj 



+ a^op^o + ■ ■ ■ + a,^.p*^] I a 



lO,...,lj I 



io,...,ij 



+ E 



n*0 



«ioP'" + . . . + "^^-^ 



l^%l 



IK.. 



\'-^tO,...,ij I / ^ "'my l*-'«Oi- 



J0v,«7 



By construction. i3_i = F'^*B_i C(ao H h am-iP"" ^), where i3_i C Va„ is 

a G-subbundle. By Lemma [3. 5[ we have —deg i3_i > am- Therefore 

-deg i3_i > amP"' _ (ao + ■ ■ ■ + a„„ip'"-i)|^_i|. 

Similarly 

m— 1 m—1 

io=0 io=0 

where Cj^ is a G-subbundle of Va^. Therefore 



m—l 



m—1 



io=0 



-deg Co > ^ [-(ao + ■ ■ ■ + am-ip"""^) + a^oP*"] |CiJ + ^(ai,p*«5,,-a„p'"|CiJ), 

Jo=0 

where (5jq = 1, if Cjq 7^ 0, otherwise 5jq = 0. 

Claim 3.9. (1) ^^l-B,. ,J - a^p"^|Ci,„,.,,,| > 0. 



|Va. 



I0,...,lj 



(2) 



OmP 



■lo, .■■,%■ I 
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(3) ^^|i3, 



IK J 
(4) ^IC 



■ I > rt ■ 0**= I K 



where ;B, 



'^O-f-i'^ki-'-i'^j 






>a.yNQn 






and C, 



«Ov.«fe-i.«fe+iv,«i 



*0 Vl^fc Vl^J 



c 



«Ov.«fe-l.«fe + lv,«J 



Proo/ We note that Q,,...,,^. = ^0,...,^^^ ® ^ao+-+%p'°+-+%p'^+- ■■+"'-?'" C l^' n VT, 

where Ci(,,...,i^. C F*o*\4, (8> ■ ■ ■ ® F'j*K,, is a P-submodule. By Remark [321 this 
imphes that 

rjm— 1 



a 



lO,...,lj 



pm*Y (g) ^j'^oH hSioP'OH Va^^pJ^ ham-ip™ C \/' fl IV 



therefore 



Qo,...,i, ® ^™*K„ ® ^<^0+-+a.o +■■■+%■ +-+"™-iP'"" C Bi^ 



Hence 

(j-l) |-Dio,.--,iil — l^iov,«j Ir iml — |^iov,«ilr ami- 

This proves assertion (1). 
Similarly one can check that 

|-Dio,.--,ifcv,«jl — I ''^Cifc ll-^io,...,Tfe,...,ijl ^ l^iov.i^fcv.ij I — I '^"ife I l^*Ov,«fcv,«j I ■ 

Hence assertions (3) and (4) follow. 

Now, assertion (2) follows, by inequality (13. ip . if |Cjp| ^ 0. Therefore we can 
assume that |Cjq| = 0. We can also assume that ajQ 7^ 0. By Remark 13. 2[ 



W^ao+'+a^-W"^-') ^ =^ iy(ao+- ■ ■+a,„_ip*°-^+a,„+ip*«+^+- ■ .+a™_ip™-0 ^ 



Jo+l 



Therefore, by Lemma [3.31 



Hence \B^^\ > |S''^'(i(Vi)||S'''™(Vi)|. But, for any interger a > 1, we can check the 
inequality 

\S-{Vi)\ ^ n 



Therefore 

(XmP 



a-mP 



'^a.m I '^a 



\Va\ n + a 



|5%(Vi)||S"'"(Vi)| 



> /^^|5-o(V0| > ^^^P'-V-MVOI > a,y\ 
[n + am) [n + a^) 

where the last inequality follows as io ^ m — 1. This proves the assertion (2), 
and hence the claim. 
Therefore 



-deg i3_i-deg -Bo-deg Co = [amp'^] + 



m—l 



-{ao + --- + am-ip"'-')\l3^i\ + J2 



y ,|-.0l 



\B,„ 



io=0 ' "'0 I 
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m~l 



m— 1 



OififiP 



«. I _ /J 'rf\C- I + a- r)''°S 



io=0 io=0 '- 

Now, by assertions (3) and (2) of Claim 13.91 applied respectively to the terms 
in second and fourth bracket above, we get 



-deg B-i - deg Bq - deg Co 



m—l 



> ao + ■ ■ ■ + arr^p^ + ^ [-(oo + " " " + a^^ip"^"^) + a,„p'°] [|S,J + |Q 



Jo=0 



Moreover, applying assertion (1) of Claim [3]9], we get 

-deg Bi - deg Ci = E [-(ao + ■ ■ ■ + a^-ip"""^) + a,^p'^ + a,iP^^] + 



E 



«0,*1 



«0,«1 



flJoP*" , «nP*' 



^ai„ Vai 



l^«on I ~r l^«o«l 



Claim 3.10. 

E 



«0,«1 



IK- I IK- I 

I "IQ I I ^t^ I 



'/n— 1 



l-Bjonl + I'^iohW > X] [(«o H \- a„ 

io=0 



-ip""-') - a. 



■■y'] mo\ + \c^o\ 



Proof: By assertion (3) and (4) of Claim [3l9l we have 



left hand side > J^ h,p^«(|5,J + I^J)] + $^ K^'HI^.ol + \C^,\)] 

io,h io,ii 



m—l 



«Oi*l 



= E [(ao + ■ • • + a^_ip™-i) - a,,p''] [\B,,\ + |C,J]. 

«o=0 

This proves the claim. 
In particular 

-deg S_i-deg ;Bo-deg Co-deg ;Bi-deg Ci > 

(ao + ■ ■ ■ + a^p™) + ^[-(ao + ■ ■ ■ + am-ip""^) + ai,p'° + ailp''][\B,,^,\ + \Ci,,,\]. 



«0,*1 



By assertion (1) of Claim [XIJl for j > 2, we have 



-deg Bj - deg Cj = ^ 



10, ...ylj 



IK,J ^'"^ IK.- 



^iOv,«j I "•" I '-'io, ■■■.«:; IJ 



E [-(ao + ■ ■ ■ + a„„ip™-^) + a^yo + ■ ■ ■ + a^^p'^] [|Sio,.,„i^. | + |C,,,...,,^ |] 



lQ,...,tj 
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Now one can check (similar to the proof of Claim 13.101) that 







[ '^io,...,ij\ + \^io,...,ij J ^ 


y ] '{ao + ■■■ + a^^ip™-^) - {ai^p'° + ■■■ + ai^_,p 


Now it follows that, for < j < m — 1, 



i^iOv,«j-il ' \^io,—,ij~i\\ 



-deg i3_i-(deg i3o+deg Co) (deg iS^+deg Cj) > (ao+- ■ ■+a„p™) 

io,...,ij 

Therefore, for j = m — 1 

-deg i3_i - (deg Bo + deg Cq) (deg Bm-i + deg Cm-i) > cto H \- amP^ ■ 

This proves the lemma. D 

We have immediate corollory of this lemma. 

Corollary 3.11. Suppose d = a^ + dmP"^ is the p-adic expansion of the positive 
integer d. Suppose W G Vd is a G-subbundle such that W{aQ) ^ 0. Then 
-deg (W) >d = ao + amP"". 

Lemma 3.12. Suppose W G Vd is a G-subbundle such that W{aQ) ^ 0. Let i 
be the integer such that W{ao + ■ ■ ■ + aj_ip*~^) ^ and W{ao + ■ ■ ■ + ajp*) = 0. 
We further assume that aj+i,...,am are nonzero integers. Then, there exists 
i < k < m, such that 

-deg W > (ao + ■ ■ ■ + Ofc/) [ih{ak+i))ih{ak+2) - 1) ■ ■ ■ (/^(a^) - 1)] , 
where h{t) = dim if°(P^, Opn(t)). 

Proof. By hypothesis it follows that 1 < i < m. li i = m then, by Lemma 13.81 
—deg W > oq + aip + ■ ■ ■ + amP"^- Hence we can assume that 1 < z < m — 1. 

Let / : i70(0(ao + - ■ ■ + a„._ip"-^))®F-*(Va„) — ^ V^o+.-.+a^p™ be the canon- 
ical map. As in the proof of Lemma 13. 8[ we get a commutative diagram of 
G-bundles 



^ He"l-a.p») ® F*"^^a^ -. H\0{®T=~,'a,P')) ® F*^Va^ -. 0(©r=o'«.P') ® i^*"K„ 



i 

Vao+---+a,„p™ 
i 

l^(®™-^a.p«) ® 0(«mP") ^ coker {f)^®Ox-^^ 

i 
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We note that, if V denotes the homogeneous subbundle given as V = kernel 
of the canonical composite map 

Vao+.-.+a^p- — ^ coker (/) — > ® Ox 

and W = W n V, then — degW > — deg W. Since i < m — 1, we have 
W{ao + ■■■ + am-iP""'^) = 0. Therefore 



as G-subbundle. Hence, using Lemma ISTTI we see that W" has a G-stable filtration 
with 

gr W' = Ai ® F*™(5'^™-*(Vi) ® 0(0), 

j=0 

where ^oi ^ "'^ao+--+am-ip'"-i i^ ^ homogeneous G- subbundle. Note that, by 
Remark 13.21 and Lemma [3l3l we have ^oo 7^ 0. We have —deg W > —deg W', 
where 

-degW = 5^ -(deg ^o.)|^'^'"-^(Vi)| - Y, l-^od deg F^* {S'^--\V^) ® 0(^)) 

i=0 i=0 

dm dm 

= ^-(degA.)|5"'"-*(Vi)|-p™^|A.||5'^'"'^(Vi)|[M^"'""^(Vi))+M(^(0)] 

j=0 j=0 

(3.2) 
- degW = Y, -(deg A,d\S^--\V,)\ + ^Y. IA.||5'^'""XVi)|(a^ - z - m). 

i=0 j=0 

Note that, by induction on m we have —deg Aoi > 0, for < z < Om- Let 

dm 

(^) = 5^|Adl'^"'""'(Vi)|(a„^-^-m) 

Now applying the identity (a + l)|S'^+i(Vi)| = n(|S°(Vi)| + • • • + |5°(Vi)|), we 
have 



(^) = n|^'^--i(\/i)|(|Ao|-|Ai|) 

+n|S«--2(\/i)|(|^oo| - IA2I + lAil - IA2I) 

+n\S\Vi)\ {\Aoo\ - IAa^-l)| + ■ ■ ■ + IAa™-2)l " lA(a^-l)l) + 

n|S°(yi)| (lAol - |A(a„)| + ■■■+ |A(a™-2)| - |A(a™)| + |A{a,„-l)| - |A(a™)|) 

Note that each term |^oi| — \Aqj\ (with j > i) is always non-negative, as by 
Lemma [3m (2), we have Aqj C ^qi- 

Case (1) If W{amP^) = 0, then Aoa^ = 0; now we choose I < j < ttm such that 
Aoj = and ^oO-i) 7^ 0. Then 

(^) > n\S''--^ iVi)\i\Aoo\ - \Aoj\ + ■■■ + \Aou-i)\ - \Aoj\)+ 

■■■+ n\S%Vi)\{\Aoo\ - \AoaJ + ■■■+ |A{a,„-l)| - \AoaJ) 

= n (lAol + ■ ■ ■ + |Ao-i)|) (|5"--^(Vi)| + ■ ■ ■ |^°(Vi)|) > n2 . J . /i0(O(a^ - j))- 
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Therefore 

— W > p'^njh^Oia^ - j)) > p^{a^m + 1) > ao + ■ ■ ■ + a^p"^. 



n 

Case (2). Suppose W{amP"^) 7^ 0, so that Aoi 7^ 0, for all i. Choose i to be the 
largest integer such that \Aoo\ = ■ ■ ■ = \Aoi\. 

(a) li i = ttm then (tIt) = 0, and so Equation 13.21 becomes 

-deg W > -(deg Aoo)h\0{aj). 

(b) If z = Om — 1, then 

-deg W > -(deg Aoo){h\0{a^)) - 1) + a^p"^. 

(c) If 2 < Om — 1 then 

— W > p'^/i^Ola^ - (^ + 1)))(^ + 1) > (a™ + l)p'". 
n 

Hence we conclude, from case (1) and case (2) that either 
-deg W > ao + ■ ■ ■ + amP"" or - deg W > -(deg Aoo)ih{a^) - 1) + (5„, 
where 5^ = min{— deg Aoo,amP"^}- Let 



Am-l '■— Aoo ^ V, 



,Tn— 1 . 



Note that 

W(ao) ^ ^ >V'(ao) ^ ^ Ao 7^ 0, z.e.. ^™-i(ao) ^ 0. 

Then by replacing W, W" and V^ by the G- homogeneous bundles Am-i, A'^_i 
and Vao+...+a„j_ip™-i respectively we have 

i=0 

where An C Va(,+...+a™_2p™-2, for each i, is a G-homogeneous subbundle. Then 
either 

-deg Am^i > ao + aip-\ h a^.ip™"^ 

or 

-(deg Am-i) > -(deg ^„_2)(/i(am_i) - 1) + 5m-i, 

where ^^.i = min{-deg Am-2,am-iP"'~^}- 

Now inductively define ^m-i = -^(i^i)o- Equivalently, we define Aj_i as a 
subset of Ko+aip+-+a,_ipi-i such that 

= (Ko+...+a,_,p.-i ® F*^'5°'^(v^i) ® • ■ ■ ® F*'"5"-(\/i)) n ly. 

Let 6j = min{— deg Aj-i,ajp^}. 

Let k be the largest integer such that —deg Ak > ao + - ■ ■+akP^. By Lemma [3T8l 
we have k > i. Now, for every I > k, we have 

-deg Ai > -deg A+i(/i(a/) - 1) + 5i. 
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This implies that 

-deg W > -deg Ak [{h{ak+i) - l)(/i(afe+2) - 1) ■ ■ ■ (/^(a^) - 1)] 

+4+1 [{h{ak+2) - 1) ■ ■ ■ {h{am) - l)]+4+2 [(/^(afc+a) - 1) • ■ ■ {h{am) - 1)]H h(5m- 

Since 

4+1 > min{ao H h a^p*^, at+ip^^^] > Oq + aip H h a^p^, 

as afc_|_i 7^ 0, we have 

-deg W > (ao + ■ ■ ■ Ofcp'^) [(/i(afc+i))(/i(afc+2) - 1) ■ ■ ■ (/i(a^) - 1)] . 

This proves the lemma. D 

Remark 3.13. We can generalise the statement of Lemma [3.121 as follows: Let 
W C Vrf be a G-subbundle such that PF(ao) 7^ 0. Let i be the integer such 
that W{aQ + ■ ■ ■ + aj_ip*~^) 7^ and W{aQ + ■ ■ ■ + AjP*) = 0. Then, there exists 
i < k < m, such that 

-deg W > (ao + ■ ■ ■ + afc/) [\S''''+^{Vi)\\S'"'+'{Vi)\ ■ ■ ■ \S''-{Vi)\] . 

This follows from the argument given, in the above proof, that always (indepen- 
dent of the fact that some a^ = or 7^ 0, we have 

-deg W > ao + ■ ■ ■ + a^p'" or - deg W > (-deg Ao)|5"-(Ki)|. 

Now, by induction on m, the result follows. 

Corollary 3.14. If n > d/p, then, for any G-subbundle W C Vd, we have 
-deg W > d. 

Proof. By Lemma 13.71 we can assume that W{ao) 7^ 0. By Corollary 13.111 
we can also assume that m > 2. Now, if —deg W ^ ao + ■ ■ ■ + a-mP"^, then, by 
Remark 13.131 there exists an integer k with 1 < k < m — 1 such that 

-deg W > (ao + ■ ■ ■ + flfc/) {\S''''+^{V,)\ ■ ■ ■ \S''-iV,)\) , 

where a^ 7^ and A; > 1, which implies 

-deg W > (ao + akp'')n > (ao + akP^){d/p) > d. 

This proves the corollary. D 

Remark 3.15. If along with the hypothesis of Lemma [3.121 we have the addi- 
tional conditions, namely a^+i = . . . , a^-i = 1 and p < n, then it is easy to see 
that 

-deg W > (ao H h akP^)h{ak+i)h{ak+2) ■ ■ ■ h{am)- 

Lemma 3.16. . Let W C Vd be a G-subbundle such that W{ao) 7^ 0. If p < n 
and a2, . . . , a^ > 1 then, —deg W > d. 

Proof. By Lemma [X7[ we can assume that W{aQ) 7^ 0. Therefore, by Lemma [3. 121 
if —deg W ^ ao + ■ ■ ■ + amP"^, then there exists 1 < k < m — 1 such that 

-deg >V > (ao H h akP^)h{ak+i){h{ak+2) - 1) • ■ ■ {h^a^) - 1) 
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Moreover if a^+i = . . . = a^ = 1 then, by Remark 13.151 we have 

-deg W > (ao H h akP^)h{ak+i)h{ak+2) ■ ■ ■ h{am)- 

In this case 

-deg W > (aoH V akP^)h{ak+i) ■ ■ ■ h{am) 

> (ao + ■■■ + afc/)(p + l)™-^ 

which imphes that —deg W > ao + ■ ■ ■ + amP"^- 

If Oi > 2 for some k < t < m. Then h{at) — 1 > n{n + 3). Therefore 

-deg W > (aoH h afcp'')afc+i ■ ■ ■ a^ ■ ■ ■a„(ra(ra + 3))n'"-'=-^ 

> afep™(am + 4) > a^ + aipH h a.mP'". 

This proves the lemma. D 

Lemma 3.17. Let W (^ Vd be a G-suhhundle such that p > n and W{ao) ^ 0. 
Let 1 < i < m — 1 be a nonnegative integer such that W{ao + ■ ■ ■ + ai_ip''^^) ^ 
and W[aQ + ■ ■ ■ + OiP*) = 0. Moreover 

Oi+i,. . .am-\,am G {p-n + 1,- ■■ ,p- 1}. 

Then -deg W > d. 

Proof. By Lemma IXTf we can assume that W{aQ) ^ 0. Moreover, by Lemma r3.16l 
we can assume that p > n. If deg W > oq + ■ ■ ■ + amP"^ then the lemma follows. 
Hence, by Lemma 13.121 there exists an integer k such that i < k < m — 1 and 

-deg W > (ao H h akp'')h{ak+i){h{ak+2) - 1) • • • {h{a^) - 1). 

Note that, by hypothesis, a^, > p — n + 1, which implies that h{am) > (p + l)^^. 
Therefore 

-deg W > (afe/)/i(afc+i)(/i(afc+2) - 1) • ■ ■ ih{a^) - 1). 

(1) If 1 < A; < m - 2 then 

-deg W > {akp'')h{ak+i){h{ak+2) - I) ■ ■ ■ {h{am) - I) 

u fp - n + 1 + n\ fp - n + 1 + n - 1\"^ / x 

> «.?'( ,^ )[ ,^_j j (pa„.) 

(p+1) 

> OmP™ as p > n > 3 

> ao H h amP"^- 

(2) If /c = m - 1 then 

-degW > {ao + ■ ■ ■ + a^_ip"'-')h{am) 

> (aoH ha„_ip'"-^)((p + l)a^) 

> ao H h amp™ = rf. 

This proves the lemma. D 
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Remark 3.18. Let Vd be a bundle on P^ with n > 3 and let W C V be a 
G-subbundle. Then we have proved 

(1) if W{ao) = 0, then, by Lemma [3?71 

-deg W > (|Co(W)| + ■ ■ ■ + \Cm-im\) + n\Cmm\, 

where Ci{yV) is defined as in Remark 13.61 

(2) if W{ao) 7^ and satisfies the hypothesis of Corollary l3.11l Corollary 13. 141 
Lemma [3. 161 or Lemma [3.17[ then 

-deg W > ao + aip H h amP"". 

In other words if W C V^ is homogeneous G-subbundle satisfying the hypothesis 
of Corollary 13.11^ Corollary 13.14^ Lemma 13.161 or Lemma 13.171 then, either 

(1) -deg W > flo + aiP + \- cimP^ or 

(2) -deg W > (|Co(W)| + • • ■ + |C„_i(W)|) + n|C„(W)|. 

4. Main results 

Proof of Theorem 11.21 If P^ = P| then stability of the bundle Vd follows by 
Proposition 12.11 Hence the statement (1). 

Therefore we can assume that n > 3. Let W C Vd be a homogenous subbundle. 
Let d = {ao + aip + ■ — h amP^)p^° be the integer satisfying the hypotheses of the 
theorem. We write Oj as &Jo+j, in particular we we write d = {big+- ■ ■+biQ+rnP"^)p^° , 



where big 


and ftjo+m are 


posit] 


ive integers. Consider the following diagran 
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where d' = ao+- ■ ■+a™p'" = 6i„+- ■ ■+bi,+mP"' and H°{0{a)) denotes i/°(P"fc, Cp^(a)). 
Therefore, for any G-subbundle W C Vd, we have 

-deg W > -deg (W n F«o(H,„+...+,,,,^,„p™)). 

Then, by LemmaEH we have >VnF"«(V(,^^+...+6^^_^^pm) = F"o(>Vi), for some G- 
subbundleWi C Vb^^^+...+b,^^^^p^ and corresponding P-submodule W^i C Vb^^+...+t,g+,^p"-- 
Now, if for some 

Jo +J1P+---+ J^o-lP"'"' + JioP'° + ■■■ + J.o+mP*°+'" < Kp'' + ■■■ + h,+mP''^'^ 

we have 

W{3, + JlP + ■ ■ ■ + Jio-lP^°"' + 3^J' + ■■■+ Jio+n^p'^'-n ^ 
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then, by part (1) of Remark 13.21 



and hence by part (2) of Remark I3.2[ 

Therefore, if 

CioO^) = {(io, ■■■Jio, K+i^ • • • . K+m) I < jio < 6io. and W^io,...j>o'^+i'-:^+.n ^ 0} 

Cio+m(W) = {{(jo, • • • , jio-biio) • • • ^Jio+m) I < ii,,+m < h^+m, and W^jo,.- J«o+™ ^ ^^ 
Then, Cfe(W) = 0, for k < io, and therefore 

Oo,-,j>o+m)ec,o(w)u---uc,Q+„(w) 
and by Remark 13.6^ 

-KVd)\W\ < (|ao(>V)| + ■ ■ • + |Q„+„_i(W)|) + n|Q„+^(W)|. 
On the other hand 
Co(Wi) = {(jio, 6io+i, • • • , &io+™) I < ji, < bi^, and (PFi)jv^,fe,^+i,...,fe,y+„ ^ 0} 

Ct(VVi) = {(jio, • • • ,jio+t, ho+{t+i), • • • , bio+m) I < jjQ+f < &io+i, 
and (W^i)i,„,...,i,o+,Ao+(t+i)>-,^+™ ^ 0} 

<^m(Wi) = {(jio, . . .,jio+m) I < j,o+„ < k,+^, and (^^1)^^^,...^,^+^ ^ 0} 

then 

|Q„(W)| <p*«|Co(Wi)|,...,|C,„+„(W)| <p*«|C^(Wi)|. 

Since Wi C V;,^ +■■■+&, +„?" is a homogeneous G-subbundle satisfying the hy- 
pothesis of Corollary I3.1H Corollary 13.141 Lemma 13.161 or Lemma 13.171 by Re- 
mark [3]T8l we have either 

-deg Wi > 6,0 H h ^io+mP"" or 

-degWi > n(|C^(Wi)|) + (|Co(Wi)| + --- + |C^_i(Wi)|). 

Since —deg W > p*°(— deg Wi), the above inequalities imply that 

-deg W > bi^^p'o + ■■■ + bi.+mP'''^"' or 

-degW > nf^\CUm)\ + if'\CoiWi)\ + --- + p''>\Crn-i{m)\) 

> n\a,^um\ + (lao(w)i + ■ ■ ■ + ia,„(w)i) 

where the last line follows from Remark 13.61 Hence, in both the cases, if W C V 
then ^(W) < fi{Vd). 

Now, due to the uniqueness property of the Harder- Narasimhan filtration, the 
destabilizing subbundle W of Vd is a homogeneous G-subbundle such that ^(W) > 
/i(Vd), which contradicts the result above. In particular Vd is semistable. Now 
suppose Vd is not stable then it has a subbundle V C Vd such that /x(V') = /x(Vrf). 
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Now Socle(V') is the unique polystable subbundle of same slope, containing V. 
In particular Socle (V) is homogeneous G-subbundle of same slope as V^. Hence 
Vd = Socle (V) is polystable. 

Now since H^(P'^,£nd(yd)) = k,hj a simple calculation we conclude that, V^ 
must be stable. 

This proves the theorem. □ 

Proof of Proposition \1.3\ If VJ is semistable then 

[ d ) ^ 

Hence we assume that V^ is not semistable. Let 

be the Harder-Narasimhan filtration of V^. Then, by definition, fimaxO^d) — 
fi(Ui). Note that Ui is a G-subbundle of V^, and therefore there exists cor- 
responding P-submodule, say, Ui of Vd- Consider the short exact sequence of 
G-bundles 

— yUi — yV*a — >S — > 0, 

Taking dual of this, we get a short exact sequence of G-bundles 

— >S* — >V^* =Vd — > UI — > 0. 

Now let us denote the G-subbundle £* by W and let W be the corresponding 
P-submodule of Vd- Now, the first inequality of the proposition follows from 
hypothesis that A^(V^) < jJ^iUi) = /imax(V^). Moreover 

Now, by Lemma [321 we have W{aQ) ^ and therefore, by Remark 13.131 we have 
deg W < 0. This gives 

deg Ui = deg V^ - deg £: = deg V^ + deg W < d. 

By Lemma 13.81 W{aQ + ■ ■ ■ + a^-iP™"^) = 0, as yu(>V) > /i(Vrf). Hence, by 
Remark 13. 2[ for every < im < a^ — 1 , we have 

Wa,,...,ar^_,,i^ = W{ao + ■■■ + a™_ip'"-' + ^mP"") = 0. 

Now 

\U^\ = \Va\ - \w\ 

{{io,---,im)\0<ij<p-l, JoH himP"^<d} 

As |^io,...,i„| - |Wio,...,i„| > 0, for every tuple {io, ■ ■ .,im), this implies 

l^l| — / J \^ao,...,a,n-i,im\ ~ \'^ao,---,o-m-l,im\ 

{im|0<im<am — 1} 

0<im.<am-l 

In particular fiiUi) < d/\S^'^^'^\Vi)\. Hence the proposition. □ 
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Proof of Corollary \1.4\ By the proof of Theorem 11.11 of Langer; if 



r r{r — l)if" 

and m the least integer such that the quotients of the Harder-Narasimhan filtra- 
tion of the restriction of E' to a very general divisor in dH are strongly semistable, 
then for general hypersurface D in \dH\, we have 

max{^,l| 
By Proposition 11.31 this implies 

Moreover, for n = 2, by Proposition 12. H we have 



max{r!^,l}-^'- ^'^ '^^-^ ^'^ ^ ^^ (^7)-l- 

Now, for d such that 

(1) for n = 2, the inequality 

-5^^^ > if" ■ max{^^^, 1} + 1 

holds and 

(2) for n > 3, the inequality 

^-^ > H ■ max! , 1| + 1 

d >- 4 ' J 

holds, we have a contradiction. In particular, for d satisfying the hypothesis of 
the corollary, Ed is strongly semistable, for a very general D e |(iif |.n 
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